Abstract. We prove that the period map from the Teichmüller space of polarized and marked Calabi-Yau type manifolds to the period domain of polarized Hodge structures is injective. The proof is based on the constructions of holomorphic affine structure on the Teichmüller space and the construction of the completion of the Teichmüller space with respect to the Hodge metric.
Introduction
The basic object we consider in this paper is the Calabi-Yau type manifold. A compact simply connected projective manifold M of complex dimension n is called a Calabi-Yau type manifold in this paper, if it satisfies the following: (i) there exists some [n/2] < s ≤ n, such that h The Teichmüller space is the deformation of the complex structure on the polarized and marked Calabi-Yau type manifold M, which will be denoted by T . Let Z m be the moduli space of polarized Calabi-Yau type manifolds with level m structure, which can be viewed analogously as that of Calabi-Yau manifolds constructed by Popp, Viehweg, and Szendröi, for example in Section 2 of [23] . Assume that Z m is a connected and smooth quasi-projective moduli space and there exists a versal family X Zm → Z m with polarized Calabi-Yau type manifolds as fibers. We will show that the Teichmüller space is precisely the universal cover of the smooth moduli space Z m with the universal covering map denoted by π m : T → Z m . Therefore there exists the pull-back versal family U → T of the polarized and marked Calabi-Yau type manifolds via π m of the versal family X Zm → Z m . Moreover, we have that T is a connected and simply connected smooth complex manifold with dim C T = dim C H s−1,n−s+1 pr (M) = N. Let D be the period domain of the Hodge structures of polarized and marked CalabiYau type manifolds of weight n and let Φ : T → D be the period map from the Teichmüller space of polarized and marked Calabi-Yau type manifolds to the period domain. Denote the period map on the smooth moduli space by Φ Zm : Z m → D/Γ, where Γ is the global monodromy group which acts properly and discontinuously on D. Then Φ : T → D is the lifting of Φ Zm • π m . Since Φ is locally injective (see Proposition 2.11), so is Φ Zm . It is studied in [6] that there is a complete homogeneous Hodge metric h on D. Then the pull-back of h on Z m and T via Φ Zm and Φ respectively are both well-defined Kähler metrics, as Φ Zm and Φ are both locally injective. By abuse of notation, they are still called Hodge metrics in this paper. The main theorem of this paper is the following.
Theorem 1.1 (Global Torelli Theorem). The period map Φ : T → D is injective.
The proof of this theorem is outlined as follows. First, we construct a holomorphic affine structure on the Teichmüller space. We first fix a base point p ∈ T with the Hodge structure {H k,n−k p } n k=0 as the reference Hodge structure. With this fixed base point Φ(p) ∈ D, we identify the unipotent subgroup N + with its orbit inĎ (see Section 3.1 and Remark 3.1) and defineŤ = Φ −1 (N + ) ⊆ T . We first show that Φ :Ť → N + ∩D is a bounded map with respect to the Euclidean metric on N + , and that T \Ť is an analytic subvariety with codim C (T \Ť ) ≥ 1. Then by applying Riemann extension theorem, we conclude that Φ(T ) ⊆ N + ∩ D. Using this property, we then show Φ induces a global holomorphic map τ : T → C N , which is non-degenerate at each point in T . Thus τ : T → C N induces a global holomorphic affine structure on T . In fact we prove that τ = P • Φ : T → C N is a composition map with P : N + → C N ≃ H for any m ≥ 3. By these definitions, it is easy to see T H is a complex affine manifold, which is also a bounded domain in C N ; and the extended period map Φ H : T H → C N is a holomorphic injection. We then show that T H is the Hodge metric completion space of T by showing that the map i T : T H → T is an embedding. More importantly, we conclude that Φ = Φ H • i T : T → D is injective as both Φ H and i T are injective. This gives Theorem 1.1. Furthermore, we assume that the moduli space M of polarized Calabi-Yau type manifold is smooth. Then consider the period map Φ M : M → D/Γ, where Γ denotes the global monodromy group which acts properly and discontinuously on the period domain D. For simplicity we also assume that the action of Γ is free so that D/Γ is a smooth analytic manifold. The following theorem of this paper proves that the period map Φ M is a covering map onto its image. Morevoer, we know that generic Torelli theorem on the moduli space is a weaker property than global Torelli theorem on the moduli space in general. However, as a consequence of this theorem, we show that if the generic Torelli theorem on the moduli space of polarized Calabi-Yau type manifolds is known, then we also get the global Torelli theorem on the moduli space. Theorem 1.2. Let M be the moduli space of polarized Calabi-Yau type manifolds. If M is smooth, and Γ acts on D freely, then the period map on the moduli space Φ M : M → D/Γ is a covering map from M onto its image in D/Γ. As a consequence, if the period map Φ M on the moduli space is generically injective, then it is globally injective.
Note that in the most interesting cases it is always possible to find a subgroup Γ 0 of Γ, which is of finite index in Γ such that Γ 0 acts on freely and thus D/Γ 0 is smooth. In such cases we consider the lifting Φ M 0 : M 0 → D/Γ 0 of the period map Φ M with M 0 a finite cover of M. Then our arguments can be applied to prove that Φ M 0 is actually a covering map onto its image for polarized Calabi-Yau type manifolds with smooth moduli spaces. This paper is organized as follows: in Section 2, we give the definition of Calabi-Yau type manifolds and briefly review the definition of period damain of polarized Hodge structures. Then we construct the Teichmüller space of Calabi-Yau type manifolds and show its basic properties. We then introduce the period map from the Teichmüller space to the period domain. In Section 3, we construct the holomorphic affine structure on the Teichmüller space T . In Section 4, we introduce the completion space T 
showing that the map i T : T H → T is an embedding. In Section 6, we make smoothness assumptions on both the moduli space M and on the quotient space D/Γ. Then using the global Torelli theorem on the Teichmüller space of polarized and marked Calabi-Yau type manifolds, we show that the period map Φ M : M → D/Γ is a covering map onto its image. As a consequence, we conclude that generic Torelli implies global Torelli on the moduli space of Calabi-Yau type manifolds. We remark that the first five sections follow closely from our paper [2] , in which the case of Calabi-Yau manifolds are proved.
The period map on the Teichmüller space
In Section 2.1, we introduce the definition of polarized and marked Calabi-Yau type manifolds and some basic properties. In Section 2.2, we review the construction of the period domain of polarized Hodge structures. In Section 2.3, we briefly describe the definitions of the moduli space of polarized Calabi-Yau type manifolds and the Teichmüller space of polarized and marked Calabi-Yau type manifolds. We then make basic assumptions on the Teichmüller space and show the simply connectedness of it. In Section 2.4, we introduce the period map from the Teichmüller space to the period domain.
2.1. Calabi-Yau type manifolds. We generalize the definition of Calabi-Yau type manifolds in [12] as follows.
Definition 2.1. Let M be a simply connected compact complex projective manifold of dim C M = n and L be an ample line bundle over M with c 1 (L) the Kähler class on M. We call M a manifold of Calabi-Yau type if it satisfies the following conditions:
(1) There exists some s such that [n/2] < s ≤ n and
is an isomorphism, where Ω is a ∂-closed (s, n − s)-form; where H s,n−s pr (M) and H s−1,n−s+1 pr (M) are the primitive cohomology group of corresponding type, which will be defined in the following.
We call a triple (M, L, {γ 1 , · · · , γ h n }) a polarized and marked Calabi-Yau type manifold with a Calabi-Yau type manifold M of dim C M = n, L an ample line bundle over M and {γ 1 , · · · , γ h n } a basis of the integral homology group modulo torsion, H n (M, Z)/Tor. For a polarized and marked Calabi-Yau type manifold M with the background smooth manifold X, we identify the basis of H n (M, Z)/Tor to a lattice Λ as in [23] . This gives us canonical identification H n (M, C) = H n (X, C). In the rest of the paper we will use the Chern form ω ∈ c 1 (L) of the line bundle L as the Kähler form on M. The polarization L, which is an integer class, defines a map
Then H n pr (X) = ker(L) is called the primitive cohomology groups, where the coefficient ring can be Q, R or C. Moreover, let H k,n−k pr
One may refer to Chapter 7.1 in [25] for more details of polarized Hodge structure on primitive cohomology group of Kähler manifolds. One also notices that the middle dimensional Hodge numbers of a Calabi-Yau type manifold are similar to that of a Calabi-Yau manifold. Actually, a Calabi-Yau manifold, for example as considered in [23] or in [2] , satisfies all the conditions in Definition 2.1. Therefore, a Calabi-Yau manifold is of course a Calabi-Yau type manifold. Hence, the results presented in this paper can be applied to Calabi-Yau manifolds. In the rest of this paper, one may consider Calabi-Yau manifolds as our special cases. We remark that one may refer to [12] for many interesting examples of Calabi-Yau type manifolds of Fano type.
2.2.
Period domain of polarized Hodge structures. In this section, we will review the construction of period domain of polarized Hodge structures. We remark that most of the discussions in this section is based on Section 3 in [21] .
For a polarized and marked Calabi-Yau type manifold (M, L) with background smooth manifold X, we identify the basis of H n (M, Z)/Tor to a lattice Λ as in [23] . This gives us a canonical identification
where the coefficient ring can be Q, R or C. The polarization L, which is an integer class, defines a map
We denote by ker(L) = H n pr (M) the primitive cohomology. Moreover, let H k,n−k pr
The bilinear form Q is symmetric if n is even and is skew-symmetric if n is odd. Furthermore, Q is nondegenerate and can be extended to H n pr (X, C) bilinearly, and it satisfies the Hodge-Riemann relations Q H
In terms of the Hodge filtration
, the Hodge-Riemann relations (2) and (3) can be written as
The period domain D for polarized Hodge structures and its compact dualĎ are then defined as follows, (6) and (7) hold ,
and (6) in the Hodge filtration of that point. Without confusion we will also denote by F k the bundle with F k as the fiber, for each 0 ≤ k ≤ n. Given a complex manifold S, a variation of Hodge structures is a holomorphic map Φ : S → D, such that the tangent map satisfies the Griffiths transversality, that is,
The map Φ is called a period map on S. We denote by
Remark 2.2. We remark the notation change for the primitive cohomology groups. Since we mainly consider Φ(q) = {F n q ⊆ · · · ⊆ F 0 q = H n pr (M q , C)}, which is defined using the primitive cohomology, by abuse of notation, we will simply use H n (M, C) and H k,n−k (M) to denote the primitive cohomology groups H n pr (M, C) and H k,n−k pr (M) respectively. Moreover, we will use cohomology to mean primitive cohomology in the rest of the paper.
Recall that we can identify a point Φ(p) = {F 
Before we make assumptions on the moduli space of Calabi-Yau type manifolds, let us recall that a family of compact complex manifolds π : U → T is versal at a point p ∈ T if it satisfies the following conditions:
(1) If given a complex analytic family ι : V → S of compact complex manifolds with a point s ∈ S and a biholomorphic map f 0 :
, then there exists a holomorphic map g from a neighbourhood N ⊆ S of the point s to T and a holomorphic map f :
(2) For all g satisfying the above condition, the tangent map (dg) s is uniquely determined. If a family π : U → T is versal at every point p ∈ T , then it is a versal family on T . In this case, if π : U → T is a versal family, then the family ι −1 (N ) → N is complex analytically isomorphic to the pull-back of the family π : U → T by the holomorphic map g. If a complex analytic family satisfies the above condition (1), then the family is called complete at p. If a complex analytic family π : U → T of compact complex manifolds is complete at each point of T and versal at the point p ∈ T , then the family π : W → T is called the Kuranishi family of the complex manifold V = π −1 (p). If the family is complete at each point in a neighbourhood of p ∈ T and versal at p, then the family is called a local Kuranishi family at p ∈ T . We refer the reader to page 8-10 in [22] , page 94 in [17] or page 19 in [24] for more details about versal families and local Kuranishi families.
Let (M, L) be a polarized Calabi-Yau type manifold. For any integer m ≥ 3, we call a basis of the quotient space (H n (M, Z)/Tor)/m(H n (M, Z)/Tor) a level m structure on the polarized Calabi-Yau type manifold. Let Z m be the moduli space of polarized Calabi-Yau type manifolds with level m structure. In this paper, we assume that Z m is a connected quasi-projective smooth complex manifold with a versal family of Calabi-Yau type manifolds with level m structures,
containing M as a fiber and polarized by an ample line bundle L Zm on X Zm . We remark that these conditions hold for the smooth moduli Z m of Calabi-Yau manifold with level m structure according to the work of Szendröi in [23] and Viehweg in [24] .
We now define the Teichmüller space T to be a complex analytic space consisting of biholomorphically equivalent triples of (M, L,
By this definition, we know that the Teichmüller space T is a covering space of Z m with the covering map denoted by π m : T → Z m . We then have the pull-back family π : U → T of X Zm → Z m . Proposition 2.3. The Teichmüller space T is a smooth and connected complex manifold and the family
containing M as a fiber, is local Kuranishi at each point of T .
Proof. One notices that there is a natural covering map π m : T → Z m for any m ≥ 3 according to the definition of T . Therefore T is a smooth and connected complex manifold, as Z m is a connected smooth complex manifold. Since the family (8) is a versal family at each point of Z m and that π m is locally biholomorphic, the pull-back family via π m is also versal at each point of T . By the definition of local Kuranishi family, we get that U → T is local Kuranishi at each point of T . Remark 2.4. As a consequence, since the versal family π : U → T is local Kuranishi at any point p ∈ T , the Kodaira-Spencer map
We refer the reader to Chapter 4 in [14] for more details about versal family, deformation of complex structures and the Kodaira-Spencer map.
be the group of biholomorphic maps on M preserving the polarization L. We have a natural representation of Aut(M, L),
Moreover, as H n (M, C) is the dual space of H n (M, C), we may view α * as an automorphism of H n (M, C) via the duality.
Theorem 2.5. The Techmüller space T of polarized and marked Calabi-Yau type manifolds is simply connected.
Proof of Theorem 2.5. Suppose towards a contradiction that T is not simply connected. Assume that T is the universal cover of T with a covering map
Let π : U → T be the pull back family of π : U → T with the following commutative diagram,
Then π : U → T is also a versal family of polarized and marked Calabi-Yau type manifolds. On the other hand, for any i = j ∈ I, there exists a deck transformation α : T → T of the covering map π :
, this α can be viewed as a biholomorphic map on M which preserves the polarization L and the marking γ. Therefore α ∈ ker(σ). Let us now first show the following lemma. We remark that in the first part of the proof of this lemma, we will mainly adopt the analogous arguments of Lemma 2.6 in [23] .
be a fiber of the versal family π : U → T . Then for any α ∈ ker σ, there is an extension α on U leaving the base space T fixed and also the polarization fixed on each fiber of the family.
Proof of Lemma 2.6.
Since the family π : U → T is local Kuranishi at any point, there exists a neighborhood U p of p ∈ T with holomorphic morphisms α : π −1 (U p ) → U and f : U p → T such that the following diagram is commutative,
To see α leaves the base space T fixed, it is sufficient to show that f is the identity map on U p . Notice that f (p) = p from the definition of f . Suppose towards a contradiction that f were not the identity map on U p . Then the tangent map f * : T p U p → T p T is not identity either. By the analogous discussion in Remark 2.4, we know that the KodariaSpencer map κ :
is also an isomorphism, we have the following commutative diagram,
But α ∈ ker(σ) implies the map α * :
is the identity map. This contradicts the assumption that f * is not identity.
It is not hard to show that for each q ∈ U p the biholomorphic map α q on the fiber M q preserves the polarization L. Indeed, because H 2 (M, Z) is a discrete group, we have
Since M is simply connected, holomorphic line bundles on M are uniquely determined by the first Chern class. Therefore we conclude that α * q (L) = L for any q ∈ U q . Let us define a sheaf ℑ on the base space T as follows: for any open set U ⊂ T , we assign the group ℑ(U) to be all the biholomorphic maps α U : π −1 (U) → π −1 (U) which leaves the open set U fixed and preserving the polarization on each fiber. In other words, for any α U ∈ ℑ(U), we have the following commutative diagram,
and the restriction of α U on the fiber M q = π −1 (q) preserves the polarization L over M q for any q ∈ U. If V ⊆ U is open, then the restriction map of the sheaf is given by
From the local extension result discussed above, we have that for any point p ∈ T , there exists a neighborhood U p ⊂ T such that any α ∈ ker σ on M p can be extended to the family π −1 (U p ). This means the restriction map
is an isomorphism. Therefore the sheaf ℑ is a locally constant sheaf. Using the fact that T is simply connected and Proposition 3.9 in [26] , we have ℑ is a constant sheaf. This means ℑ( T ) = ker σ. Therefore, for each point p ∈ T and α ∈ ker σ, there is a global section α ∈ ℑ( T ) such that α| Mp = α. By the definition of the sheaf ℑ, we have the commutative diagram,
And restricted to each fiber M q the morphism α| Mq preserves the polarization L.
Corollary 2.7. The action of ker(σ) on T is trivial.
Proof of Corollary 2.7. For each element α ∈ ker(σ), we have a global extension α acts on the family U with the commutative diagram
where α acts on T by the holomorphic map f : T → T . But Lemma 2.6 implies that f is the identity map. Therefore the action of α on T is trivial.
Proof of Theorem 2.5 (continued).
Recall that the deck transformation α : T → T satisfies α(p i ) = p j = p i can also be viewed as a biholomorphic map on M with α ∈ ker(σ). However, Corollary 2.7 shows that the action of ker(σ) on T is trivial. Thus α = Id : T → T , which contradicts with the assumption that α(p i ) = p j = p i .
Corollary 2.8. The covering map π m : T → Z m is a universal covering map.
Remark 2.9. By Corollary 2.8, we know that the Teichmüller space T is the universal cover of the smooth moduli space Z m for any m ≥ 3. Therefore, we can alternatively define the Teichmüller space of Calabi-Yau type manifolds to be the universal cover of the smooth moduli Z m with any m ≥ 3. And this definition is well-defined, as in fact, let m 1 and m 2 be two different integers, and U 1 → T 1 and U 2 → T 2 be two versal families constructed via level m 1 and level m 2 structures respectively as above, and both of which contain M as a fiber. By using the properties that T 1 and T 2 are simply connected and the definition of versal family, we have a biholomorphic map f : T 1 → T 2 , such that the versal family U 1 → T 1 is the pull back of the versal family U 2 → T 2 by f . Thus these two families are isomorphic to each other.
2.4.
The period map on the Teichmüller space and induced Hodge metric.
Remark 2.10. To start this section, we make an important remark of notation change of primitive cohomology groups. Since primitive cohomology groups are the major type of cohomology groups we are considering in this paper, we will simply use H n (M, C) and
(M) respectively. Using these notations, we will denote
For any point p ∈ T , let M p be the fiber of the family π : U → T at p, which is a polarized and marked Calabi-Yau type manifold. Since the Teichmüller space is simply connected and we have fixed a basis of the middle cohomology group modulo torsions. We identify the basis of H n (M, Z)/Tor to a lattice Λ as in [23] . This gives us a canonical identification of the middle dimensional de Rahm cohomology of M to that of the background manifold X, that is, H n (M, C) ∼ = H n (X, C). Therefore, we can use this to identify H n (M p , C) for all fibers on T , and thus get a canonical trivial bundle H n (M p , C)× T . The Hodge numbers {h s,n−s , h s−1,n−s+1 , · · · , h n−s,s } of M p are indepentdent to the choice of p ∈ T . Therefore we have corresponding data of H n (M, C), H n (M, Z), {h k,n−k } and the intersection form on H n (M, C) on a given polarized and marked Calabi-Yau type manifolds.
Let D be the period domain of the Hodge structures of the n-th primitive cohomology of the Calabi-Yau type manifold as defined as in Section 2.2. Then the period map is defined by assigning to each point p ∈ T the Hodge structure on M p , that is
for simplicity. Recall that we have described general period maps in Section 2.2. We remark that the period maps have several nice properties, the reader may refer to Chapter 10 in [25] for details. Among these properties, the one we are most interested in is the following Griffiths transversality of the period map, that is, the tangent map satisfies, , where τ is a local coordinate function on T . We have an immediate property of tangent map of the period map as follows.
Proposition 2.11. For any p ∈ T and any generator
is an isomorphism, where Φ * is the tangent map of Φ.
Proof. The first isomorphism T 
is given by contraction P In [6] , Griffiths and Schmid studied the so-called Hodge metric on the period domain D, which is a complete homogeneous metric. We denote it by h. Since both Φ and Φ Zm are locally injective, the pull-backs of h by Φ Zm and Φ on Z m and T respectively are both well-defined Kähler metrics. By abuse of notation, we still call these pull-back metrics the Hodge metrics, and they are still denoted by h.
Holomorphic affine structure on the Teichmüller space
In Section 3.1, we review some properties of the period domain from Lie group and Lie algebra point of view. In Section 3.2, we fix a base point p ∈ T and introduce the unipotent space N + ⊆Ď, which is biholomorphic to C d . Then we show that the image Φ(T ) is bounded in N + ∩ D with respect to the Euclidean metric on N + . In Section 3.3, using the property that Φ(T ) ⊆ N + , we define a holomorphic map τ : T → C N . Then Proposition 2.11 implies that τ defines a local coordinate chart around each point in T , and this shows that τ : T → C N defines a holomorphic affine structure on T .
3.1. Preliminary. Let us briefly recall some properties of the period domain from Lie group and Lie algebra point of view. All of the results in this section is well-known to the experts in the subject. The purpose to give details is to fix notations. One may either skip this section or refer to [6] and [21] for most of the details. One may also find this preliminary in [2] . Let us simply use the notations H C := H n pr (M, C) and H R := H n pr (M, C). The orthogonal group of the bilinear form Q is a linear algebraic group which is defined over Q. The group G C of the C-rational points and the group G R of real points in G C are the following: Similarly, one obtains an analogous identification D ≃ G R /V ֒→Ď with V = G R ∩ B, and the embedding corresponding to the inclusion
The Lie algebra g of the complex Lie group G C can be described as
It is a simple complex Lie algebra, which contains g 0 = {X ∈ g| XH R ⊂ H R } as a real form, that is, g = g 0 ⊕ ig 0 . With the inclusion G R ⊆ G C , g 0 becomes Lie algebra of G R . One observes that the reference Hodge structure {H
induces a Hodge structure of weight zero on End(H n pr (M p , C)), namely,
Since the Lie algebra b of B consists of those X ∈ g that preserves the reference Hodge filtration {F
With the above isomorphisms, one gets that the holomorphic tangent space ofĎ at the base point o is naturally isomorphic to g/b.
Let us consider the nilpotent Lie subalgebra n + := ⊕ k≥1 g −k,k . Then one gets the holomorphic isomorphism g/b ≃ n + . We take the unipotent group N + = exp(n + ).
As Ad(g)(g k,−k ) is in i≥k g i,−i for each g ∈ B, the sub-Lie algebra b ⊕ g Let us introduce the notion of an adapted basis for the given Hodge decomposition or the Hodge filtration. For any p ∈ T and f k = dim F k p for any n − s ≤ k ≤ s, we call a basis
an adapted basis for the given Hodge decomposition
an adapted basis for the given filtration
Moreover, unless otherwise pointed out, the matrices in this paper are m × m matrices, where m = f n−s = f 0 . The blocks of the m × m matrix T is set as follows: for each 0 ≤ α, β ≤ 2s − n, the (α, β)-th block T α,β is
where T ij is the entries of the matrix T , and f n+1 is defined to be zero. In particular, T = [T α,β ] is called a block lower triangular matrix if T α,β = 0 whenever α < β. We shall review and collect some facts about the structure of simple Lie algebra g in our case. Again one may refer to [6] and [21] or [2] for more details. Let θ : g → g be the Weil operator, which is defined by
Then θ is an involutive automorphism of g, and is defined over R. The (+1) and (−1) eigenspaces of θ will be denoted by k and p respectively. Moreover, set
The fact that θ is an involutive automorphism implies
Let us consider g c = k 0 ⊕ √ −1p 0 . Then g c is a real form for g. Recall that the killing form B(·, ·) on g is defined by
A semisimple Lie algebra is compact if and only if the Killing form is negative definite. Thus it is not hard to check that g c is actually a compact real form of g, while g 0 is a non-compact real form. Recall that G R ⊆ G C is the subgroup which correpsonds to the subalgebra g 0 ⊆ g. Let us denote the connected subgroup G c ⊆ G C which corresponds to the subalgebra g c ⊆ g. Let us denote the complex conjugation of g with respect to the compact real form by τ c , and the complex conjugation of g with respect to the compact real form by τ 0 .
The intersection K = G c ∩ G R is then a compact subgroup of G R , whose Lie algebra is k 0 = g R ∩ g c . With the above notations, Schmid showed in [21] that K is a maximal compact subgroup of G R , and it meets every connected component of G R . Moreover,
As remarked in §1 in [6] of Griffiths and Schmid, one gets the following important proposition about the Cartan subalgebra of g 0 . Proposition 3.3. There exists a Cartan subalgebra h 0 of g 0 such that h 0 ⊆ v 0 ⊆ k 0 and h 0 is also a Cartan subalgebra of k 0 . Proposition 3.3 implies that the simple Lie algebra g 0 in our case is a simple Lie algebra of first category as defined in §4 in [19] . In the upcoming part, we will briefly derive the result of a simple Lie algebra of first category in Lemma 3 in [20] . One may also refer to [28] Lemma 2.2.12 at pp. 141-142 for the same result.
Let us still use the above notations of the Lie algebras we consider. By Proposition 4, we can take h 0 to be a Cartan subalgebra of g 0 such that h 0 ⊆ v 0 ⊆ k 0 and h 0 is also a Cartan subalgebra of k 0 . Let us denote h to be the complexification of h 0 . Then h is a Cartan subalgebra of g such that h ⊆ v ⊆ k.
Write
can be identified with h R := √ −1h 0 by duality using the restriction of the Killing form B of g to h R . Let ρ ∈ h * R ≃ h R , one can define the following subspace of g
An element ϕ ∈ h * R ≃ h R is called a root of g with respect to h if g ϕ = {0}. Let ∆ ⊆ h * R ≃ h R denote the space of nonzero h-roots. Then each root space
belongs to some ϕ ∈ ∆ is one-dimensional over C, generated by a root vector e ϕ . Since the involution θ is a Lie-algebra automorphism fixing k, we have [h, θ(e ϕ )] = ϕ(h)θ(e ϕ ) for any h ∈ h and ϕ ∈ ∆. Thus θ(e ϕ ) is also a root vector belonging to the root ϕ, so e ϕ must be an eigenvector of θ. It follows that there is a decomposition of the roots ∆ into ∆ k ∪ ∆ p of compact roots and non-compact roots with root spaces Ce ϕ ⊆ k and p respectively. The adjoint representation of h on g determins a decomposition
There also exists a Weyl base {h i , 1 ≤ i ≤ l; e ϕ , for any ϕ ∈ ∆} with l = rank(g) such that Span C {h 1 , · · · , h l } = h, Span C {e ϕ } = g ϕ for each ϕ ∈ ∆, and
τ c (e ϕ ) =τ 0 (e ϕ ) = −e −ϕ for any ϕ ∈ ∆ k ; τ 0 (e ϕ ) = −τ c (e ϕ ) = e ϕ for any ϕ ∈ ∆ p .
With respect to this Weyl base, we have
Lemma 3.4. Let ∆ be the set of h-roots as above. Then for each root ϕ ∈ ∆, there is an integer −n ≤ k ≤ n such that e ϕ ∈ g k,−k . In particular, if e ϕ ∈ g k,−k , then τ 0 (e ϕ ) ∈ g −k,k for any −n ≤ k ≤ n.
Proof. Let ϕ be a root, and e ϕ be the generator of the root space g ϕ , then e ϕ = n k=−n e −k,k , where
By comparing the type, we get
Therefore e −k,k ∈ g ϕ for each k. As {e −k,k , } n k=−n forms a linear independent set, but g ϕ is one dimensional, thus there is only one −n ≤ k ≤ n with e −k,k = 0.
Let us now introduce a lexicographic order (cf. pp.41 in [28] or pp.416 in [19] ) in the real vector space h R as follows: we fix an ordered basis e 1 , · · · , e l for h R . Then for any h = l i=1 λ i e i ∈ h R , we call h > 0 if the first nonzero coefficient is positive, that is, if
In particular, let us identify the dual spaces h * R and h R , thus ∆ ⊆ h R . Let us choose a maximal linearly independent subset {s 1 , · · · , s k } of ∆ k , then a linearly independent subset {e 1 , · · · , e l−k } of ∆ p such that {e 1 , · · · , e l−k , s 1 , · · · , s k } forms an ordered basis for h * R . Then define the above lexicographic order in h * R ≃ h R using the ordered basis {e 1 , · · · , e l−k , s 1 , · · · , s k }. In this way, we can also define
Similarly we can define ∆ − , ∆ 
Definition 3.6. Two different roots ϕ, ψ ∈ ∆ are said to be strongly orthogonal if and only if ϕ ± ψ / ∈ ∆ ∪ {0}, which is denoted by ϕ ⊥ ⊥ ψ.
For the real simple Lie algebra g 0 = k 0 ⊕ p 0 which has a Cartan subalgebra h 0 in k 0 , the maximal abelian subspace of p 0 can be described as in the following lemma, which is a slight extension of a lemma of Harish-Chandra in [7] . One may refer to Lemma 3 in [20] or Lemma 2.2.12 at pp.141-142 in [28] for more details. One may also refer to [2] for a detailed proof of this lemma.
Lemma 3.7. There exists a set of strongly orthogonal noncompact positive roots Λ =
is a maximal abelian subspace in p 0 .
For further use, we also state a proposition about the maximal abelian subspaces of p 0 according to Ch V in [8] 
where Ad denotes the adjoint action of K on a 0 .
3.2.
Boundedness of the period map. Now let us fix the base point p ∈ T with Φ(p) ∈ D. Then according to the above remark, N + can be viewed as a subset inĎ by identifying it with its orbit inĎ with base point Φ(p). Let us also fix an adapted basis (η 0 , · · · , η m−1 ) for the Hodge decomposition of the base point Φ(p) ∈ D. Then we can identify elements in N + with nonsingular block lower triangular matrices whose diagonal blocks are all identity submatrix. We defině
At the base point Φ(p) = o ∈ N + ∩ D, the tangent space T
o D induces an Euclidean metric on N + . In the proof of the following lemma, we require all the root vectors to be unit vectors with respect to this Euclidean metric.
Because the period map is a horizontal map, and the geometry of horizontal slices of the period domain D is similar to Hermitian symmetric space as discussed in detail in [6] , the proof the following theorem is basically an analogue of the proof of the Harish-Chandra embedding theorem for Hermitian symmetric spaces, see for example [11] . We remark that one may also find an analogous theorem in [2] . Proof. We need to show that there exists 0 ≤ C < ∞ such that for any q ∈Ť ,
For any q ∈Ť , there exists a vector X + ∈ g −1,1 ⊆ n + and a real number T 0 such that Consider Let Λ = {ϕ 1 , · · · , ϕ r } ⊆ ∆ + p be a set of strongly orthogonal roots given in Proposition 3.8. We denote x ϕ i = e ϕ i + e −ϕ i and y ϕ i = √ −1(e ϕ i − e −ϕ i ) for any ϕ i ∈ Λ. Then
are maximal abelian spaces in p 0 and √ −1p 0 respectively. Since X ∈ g −1,1 ⊕ g 1,−1 ⊆ p 0 , by Proposition 3.8, there exists k ∈ K such that X ∈ Ad(k) · a 0 . As the adjoint action of K on p 0 is unitary action and we are considering the length in this proof, we may simply assume that X ∈ a 0 up to a unitary transformation. With this assumption, there exists λ i ∈ R for 1 ≤ i ≤ r such that
Since a 0 is commutative, we have
exp(tλ i x ϕ i ). Now for each ϕ i ∈ Λ, we have Span C {e ϕ i , e −ϕ i , h ϕ i } ≃ sl 2 (C) with
Since Λ = {ϕ 1 , · · · , ϕ r } is a set of strongly orthogonal roots, we have that
and
In fact, we know that for any ϕ, ψ ∈ Λ with ϕ = ψ, [e ±ϕ , e ±ψ ] = 0 since ϕ is strongly orthogonal to ψ;
r , which are subgroups of G C and G R respectively. With the fixed reference point o = Φ(p), we denote D(Λ) = G R (Λ)(o) and S(Λ) = G C (Λ)(o) to be the corresponding orbits of these two subgroups, respectively. Then we have the following isomorphisms,
With the above notations, we will show that (i).
Notice that since X ∈ g −1,1 ⊕ g 1,−1 . By Proposition 3.4, we know that for each pair of roots {e ϕ i , e −ϕ i }, either e ϕ i ∈ g −1,1 ⊆ n + and e −ϕ i ∈ g 1,−1 , or e ϕ i ∈ g 1,−1 and e −ϕ i ∈ g −1,1 ⊆ n + . For notation simplicity, for each pair of root vectors {e ϕ i , e −ϕ i }, we may assume the one in g −1,1 ⊆ n + to be e ϕ i and denote the one in g 1,−1 by e −ϕ i . In this way, one can check that {ϕ 1 , · · · , ϕ r } may not be a set in ∆ + p , but it is a set of strongly orthogonal roots in ∆ p . Therefore, we have the following description of the above groups,
Thus by the isomorphisms in (15) and (16), we have
exp(Span C {e ϕ i }). So we have obtained both (i) and (ii). As a consequence, we get that for any q ∈Ť , Φ(q) ∈ D(Λ). This implies
Let us denote
where d E is the Eulidean distance on S(Λ) ∩ (N + B/B).
To complete the proof, we only need to show that S(Λ) ∩ (N + B/B) is totally geodesic in N + B/B. In fact, the tangent space of N + at the base point is n + and the tangent space of S(Λ) ∩ N + B/B at the base point is Span C {e ϕ 1 , e ϕ 2 , · · · , e ϕr }. Since Span C {e ϕ 1 , e ϕ 2 , · · · , e ϕr } is a sub-Lie algebra of n + , the corresponding orbit S(Λ)∩N + B/B is totally geodesic in N + B/B. Here the basis {e ϕ 1 , e ϕ 2 , · · · , e ϕr } is an orthonormal basis with respect to the pull-back Euclidean metric.
In order to prove Corollary 3.12, we first show that T \Ť is an analytic subvariety of T with codim C (T \Ť ) ≥ 1. Therefore N + is dense inĎ, and thatĎ \ N + is an analytic subvariety, which is close inĎ and codim C (Ď\N + ) ≥ 1. We consider the period map Φ : T →Ď as a holomorphic map toĎ, then T \Ť = Φ −1 (Ď \ N + ) is the pre-image of the holomorphic map Φ. So T \Ť is also an analytic subvariety and a close set in T . Because T is smooth and connected, if dim(T \Ť ) = dim T , then T \Ť = T andŤ = ∅. But this contradicts to the fact that the reference point p ∈Ť . So we have dim(T \Ť ) < dim T , and consequently codim C (T \Ť ) ≥ 1. Proof. According to Lemma 3.11, T \Ť is an analytic subvariety of T and the complex codimension of T \Ť is at least one; by Theorem3.9, the holomorphic map Φ :Ť → N + ∩D is bounded in N + with respect to the Euclidean metric. Thus by the Riemann extension theorem, there exists a holomorphic map Φ ′ : T → N + ∩ D such that Φ ′ |Ť = Φ|Ť . Since as holomorphic maps, Φ ′ and Φ agree on the open subsetŤ , they must be the same on the entire T . Therefore, the image of Φ is in N + ∩ D, and the image is bounded with respect to the Euclidean metric on N + . As a consequence, we also get T =Ť = Φ −1 (N + ).
3.3. Holomorphic affine structure on the Teichmüller space. We first review the definition of complex affine manifolds. One may refer to page 215 of [15] for more details.
Definition 3.13. Let M be a complex manifold of complex dimension n. If there is a coordinate cover
k is a holomorphic affine transformation on C n whenever U i ∩ U k is not empty, then {(U i , ϕ i ); i ∈ I} is called a complex affine coordinate cover on M and it defines a holomorphic affine structure on M.
Let us still fix an adapted basis (η 0 , · · · , η m−1 ) for the Hodge decomposition of the base point Φ(p) ∈ D. Recall that we can identify elements in N + with nonsingular block lower triangular matrices whose diagonal blocks are all identity submatrix, and element in B with nonsingular block upper triangular matrices. Therefore N + ∩ B = Id. By Corollary 3.12, we know that T = Φ −1 (N + ). Thus we get that each Φ(q) can be uniquely determined by a matrix, which we will still denote by Φ(q) = [Φ ij (q)] 0≤i,j≤m−1 of the form of nonsingular block lower triangular matrices whose diagonal blocks are all identity submatrix. Thus we can define a holomorphic map
Remark 3.14. If we define the following projection map with respect to the base point and the its pre-fixed adapted basis to the Hodge decomposition,
where F (1, 0) is the (1, 0)-block of the unipotent matrix F , according to our convention in (14) , then τ = P • Φ : T → C N .
Proposition 3.15. The holomorphic map τ = (τ 1 , · · · , τ N ) : T → C N defines a coordinate chart around each point q ∈ T .
Proof. We have that the generator
. On one hand, the 0-th column of the matrix Φ(q) ∈ N + for each q ∈ T gives us the following data:
where g 0 (q) ∈ k≥n−s+2 H k (M p , Ω n−k (M p )). The 1-st to N-th columns of Φ(q) ∈ N + give us the following data: θ 1 (q) = η 1 + g 1 (q), · · · · · · , θ N (q) = η N + g N (q) ∈ F s−1 q , where g k (q) ∈ k≥n−s+2 H k (M p , Ω n−k (M p )), such that {Ω(q), θ 1 (q), · · · , θ N (q)} forms a basis for F s−1 q for each q ∈ T . On the other hand, by Proposition 2.11, we know that for any holomorphic coordinate {σ 1 , · · · , σ N } around q, {Ω(q), Note that we haveX k (Ω(q)) = X k (τ 1 (q))η 1 + · · · + X k (τ N (q))η N + X k (g 0 (q)) and θ k = η k +g k (q), where X k (g 0 (q)), g k (q) ∈ ⊕ k≥n−s+2 H k (M q , Ω n−k (M q )). By comparing the types of classes in (18), we get λ k = 0, and X k (Ω(q)) = θ k (q) = η k + g k (q) for each 1 ≤ k ≤ N. (19) Since {θ 1 (q), · · · , θ N (q)} are linearly independent set for F s−1 (M q ), we know that {X 1 , · · · , X N } are also linearly independent in T Thus the holomorphic map τ : T → C N defines local coordinate map around each point q ∈ T . In particular, the map τ itself gives a global holomorphic coordinate for T . Thus the transition maps are all identity maps. Therefore, Theorem 3.16. The global holomorphic coordinate map τ : T → C N defines a holomorphic affine structure on T .
Remark 3.17. This affine structure on T depends on the choice of the base point p. Affine structures on T defined in this ways by fixing different base point may not be compatible with each other. basis for the space (H n (M, Z)/Tor)/m k (H n (M, Z)/Tor). Therefore we get a well-defined map Z m k+1 → Z m k by assigning to a polarized Calabi-Yau type manifold with the basis γ m k+1 the same polarized Calabi-Yau type manifold with the basis (γ m k+1 (mod m k )) ∈ (H n (M, Z)/Tor)/m k (H n (M, Z)/Tor). Moreover, using the versal properties of both the families X m k+1 → Z m k+1 and X m k → Z m k , we can conclude that the map Z m k+1 → Z m k is locally biholomorphic. Therefore we get a natural covering Z m k+1 → Z m k . Thus the fundamental group π 1 (Z m k+1 ) is a subgroup of π 1 (Z m k ) for reach k. Hence, the inverse system of fundamental groups
has an inverse limit, and this limit is actually the fundamental group of T . Since π 1 (T 0 ) ⊆ π 1 (Z m k ) for each k, the fundamental group of T 0 is also a subgroup of π 1 (T ). However, simply-connectedness of T implies that π 1 (T ) is a trivial group. Therefore π 1 (T 0 ) is also a trivial group. Thus the covering map i T : T → T 0 is a one-to-one covering and therefore i T : T → T H is an embedding.
Corollary 5.8. The complete complex manifold T H is the completion space of T with respect to the Hodge metric.
Proof of Theorem 5.1. According to Corollary 5.6 and Proposition 5.7, both Φ H and i T are injective. Since Φ = Φ H • i T , we conclude that Φ is also injective.
Applications
In this section, we make two assumptions: the moduli space M of polarized CalabiYau type manifolds is smooth and that the global monodromy group acts on the period domain freely. Then we use the global Torelli theorem on Teichmüller space of polarized and marked Calabi-Yau type manifolds to show that the period map on the moduli space of polarized Calabi-Yau type manifolds is a covering map onto its image. As a consequence, we derive that the generic Torelli theorem on the moduli space of polarized Calabi-Yau type manifolds implies the global Torelli theorem on the moduli space.
Let Γ denote the global monodromy group which acts properly and discontinuously on D. Then for the smooth moduli space M, we consider the period map Φ M : M → D/Γ. Thus for the two period maps Φ and Φ M , we have the following commutative diagram,
where π T : T → M is a covering map and Φ = π D • Φ. The image of the period map Φ M is an analytic subvariety of D/Γ. We refer the reader to page 156 of [4] for details of the analyticity of the image of the period mapping. Global Torelli problem on the moduli space M asks when Φ M is injective, and generic Torelli problem asks when there exists an open dense subset U ⊆ M such that Φ M | U is injective. In both cases, we need to understand the global Torelli property of the period map Φ M on the moduli space.
